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1 +x>‘ 3]

1 By first expressing tanhy in terms of exponentials, prove that tanh~'x = %ln (1——x

2 It is given that f(x) = In(1 +sinx). Using standard series, find the Maclaurin series for f(x) up to and
including the term in x”. 4]

1

. 1
3 By first completing the square, find the exact value of | ———dx. [5]
y pleting q J% =2
. . 1 —
4 Itisgiventhat / = J x"e“dx for n > 0.
0
(i) Show that I =nl _ +k for n > 1, where k is a constant to be determined. [3]
(i) Find the exact value of 1. [3]
(iii) Find the exact value of 990/, —1,,. [3]
5 Itis given thaty = sin'2x.
I B . d
(i) Using the derivative of sin~'x given in the List of Formulae (MF1), find Ey . 1]
(ii) Show that (1— 4x2)@ _ Y 3]
dx? dx’
(iii) Hence show that (1— 4x2)ﬂ — 12xd—2y _aY 0 2]
dx’ de? de

(iv) Using your results from parts (i), (ii) and (iii), find the Maclaurin series for sin”'2x up to and including
the term in x°. 131
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6 Itis given that the equation 3x° +5x> —x—1 = 0 has three roots, one of which is positive.

(i) Show that the Newton-Raphson iterative formula for finding this root can be written

6x°+5x 7 +1 ;
X = . -
7 ox 24+ 10x, — 1 Bl

(ii) A sequence of iterates X)Xy Xy o which will find the positive root is such that the magnitude of the
error in x, is greater than the magnitude of the error in x,. On the graph given in the Printed Answer

Book, mark a possible position for x,. 1]
(iii) Apply the iterative formula in part (i) when the initial value is x; =—1. Describe the behaviour of the
iterative sequence, illustrating your answer on the graph given in the Printed Answer Book. [2]
(iv) A sequence of approximations to the positive root is given by x,, x,, x;, ... . Successive differences
x —x_,=d , where r > 2, are such that d = k(dr—l)2 where k is a constant.
3
Show that d, ~ d—3'2 and demonstrate this numerically when x, = 1. [4]
2
(v) Find the value of the positive root correct to 5 decimal places. 2]
7 ltis given that f(x) = —£ =25
& G-Dx+2)
(i) Express f(x) in partial fractions. [4]
(ii) Write down the equations of the asymptotes of the curve y = f(x). 2]
(iii) Find the value of x where the graph of y = f(x) cuts the horizontal asymptote. 2]
(iv) Sketch the graph of y* = f(x). 2]

8 Itis given that f(x) = 2sinhx+ 3 coshx.

(i) Show that the curve y = f(x) has a stationary point at x =—%ln5 and find the value of y at this point.
[4]

(i) Solve the equation f(x) = 5, giving your answers exactly. [5]

Question 9 begins on page 4.
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4
9  The equation of a curve in polar coordinates is » = 2sin36 for 0 < 6 < %7[ .
(i) Sketch the curve. 2]
(i) Find the area of the region enclosed by this curve. [4]
(iii) By expressing sin 36 in terms of sin 6, show that a cartesian equation for the curve is

(o477 = 6x’y—2)°. 5]
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Question Answer Marks Guidance
1 ) e? _1 A muddle of x and y unless
tanh*x=y=x=tanhy=——— :
Sy=x=tamy=o 1 M1 | Oe recovered is MO.

(67 +1)x=e” -1

e (1-x)=(1+x)

2y 1+X ] )
& =1 x Al | Correct expression for e~ oe

1+x
2y=In| —
Y (1—xj

_ 1 (1
(y=tanh lx)ziln(ﬁj

Al

ag
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2 In(L+ y) = y—ﬁ+y—3—... B1 Soi. Allow an expansion in x
2 3 _

3 Bl Sol
sinX=X——+...

6

2 3
In(L+sin X)z[x_)ﬁ]_l{x_x_s) +1(X_X_3j _ M1 For combining series, even if
6) 2 6 3 6 wrong. Must include at least the
1, (11 cubic bracket.
=X—=X"+X'|=—-=
575)
=x—=x"+=x° Al Ignore further terms
www accept 3! for 6
4

Alternative using Maclaurin general formula
f(x) =In(@+sin x) f(0)=0

COS X
f'(X)=—-"—— f'(0)=1 -

(x) rsiny) (0) B1 | For f'(x)
R ——— £1(0)=-1 R
(L+sinx) B1 | For (not necessarily simplified)
f"(x)and f "(0) www
fr(x) = — X : f"(0)=1 (x) ©)
(L+sinx)
n 2 m 3
Maclaurin: f(x) = £(0) + f '(0)x + FOx" _ T"(0)x ML | For correct formula up to 4th
6 term and substituting their
:>f(x):x—1x2+1x3 values
2 6 Al Accept 3! for 6
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3 1o 1 1 M1 | Completing the square on given
Jl N dX:Jl N Era dx function
zx/l X—X s+ 2x—x2 — Oor
Al 1
= ! dx S| =L ux
L1 (1-x)’ - : - >
: M1 | By substitution or using 14/1-(x-1)
=[=sin(1-x) |, standard form where completed o . 2\
[ }5 square is of form 1—(1+x)? = [S'n H(x —1)]% = (0 - _E) iy
Al Correct result of integration.
\ Ignore limits
=1%-%)"% Al
5
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410 I, =J'1x” e*dx u=x" dv=e"dx
0 M1 | By parts
du=nx""dx v=—e"
I :[_e_xxn ]1 n jlxn_l e dx Al | Both terms before limits are
" o Jo applied soi
=(-e*-0)+nl,,
In:nln—l_e_l Al Or k:_—l
e
3
(i) Lo L . B1 Or finding 1. Or could be
lo =_([e dx=[-e" ] =1-e done the other way round.
l,=31,-¢" e
M1 Complete method even if k is
=3(21,-e")-e" =61, —4e" wrong.
=6(l,—e")—4e " =61,-10e"
. Al SC3 by parts 2 or 3 times
l,=6-16e"
3
(iii) I, =111, —e™ M1 Complete method (Could be Alternative: Starting from I4
_ _ _ done the other way round.) and working up to 133 M1
_ _el)_pal_ _ 1 -
_11(1("9 ¢ ) e =110, -12e Al For 113 in terms of Iy Ig or I1; correct Al
or lg in terms of Ig soi |, —g1 109601 ) _,,, 108505112
=110(91, —e ) —12e* = 9901, —122¢™ ¢ ¢
9901, — I,, =122¢™ Al
3
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5 [ d(2
® y=sin’1(2x):>ﬂ: ! (2%)
dx \/l—(ZX)Z dx
__ 2 Bl |Oe
1-4x?
1
(i) d?y 5 1 L4 3 8y = 8x B1 For correct 2nd derivative SC 2 if result obtained
e T3 (1-4¢) " (-8x)= (1-4x )é correctly from
M1 Using their ans to connect 1st o k
_ 8x __ M dy and 2nd derivatives y= (-ax)
(1-4x?)V1-4x*  (1-4x*)dx
2
(1-4x? )M _ax W Al | Ftto achieve ag
dx® dx
3
(iii) d® d? d d? M1 Using result of (ii) and product | M1 Starting with their 2nd
(1—4x2)—y—8x—y— Y&y Lt : :
a3 d  dx dx? rule correctly derivative using appropriate
Py 2y dy method correctly
(1_4X2)F_12Xd7_ &zo Al Al ans www
2
(iv) Find y,,y', ¥, ¥", ={0,2,0,8} B1 SOi o _
8y’ M1 Correctly substituting their 4
y=0+2x+0+? values into correct Maclaurin
4 Al www
= y=2x+ Y Ignore higher order terms
3

11
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6| (i) o oy fO0) 3%, +5x%,2 —x, —1 Bl Correct derivative seen
T fx ) " 9x 2+10x, -1 o
X, (9% 2 +10% ~1)— (3x.2 +5% 2 — x 1) M1 Com_blnlng terms_seen as 1
= Ox 2 fraction or 2 fractions with
X" +10x, -1 .
common denominator
_9x,° +10x,2 —x, —3x,> —5x* + X, +1
- 9x,2 +10x, —1
_6x.°+5x.7+1 Al | Line above seen ag Must contain
Ox 2 +10x, —1 suffices.
3
(i) A suitable value is shown within range [0.1, 0.25] Bl The point does not have to be Accept a tangent which
labelled x; shows this.
1
(iii) =X, =0 = x3=-1, and statement that values B1 | Values seen either in words or
alternate. on graph marked as these values
Clear diagram with tangents from — 1 to 0 and back to Bl
-1
2
(iv) d, =kd?,  d,=kd,’ M1 | dsand d; and trying to combine
d, kd? d, d; them to eliminate k
=9, Tk Ty %y Al
3 2 2 2 Ag
a5
Xr X d: % BL | Sight of ~0.0300 Condone 3 dp
1 0.666667 -0.33333 d,
0.666667 0.517241 -0.14943 d3 Bl Sight of —0.0358 3sf or better
0.517241 0.481438 -0.0358 dq -0.030
0.481438 0.479363 -0.00207 ds
0.479363 0.479356 -6.8E-06
0.479356 0.479356

12




4726 Mark Scheme June 2015
Question Answer Marks Guidance
4
(v) Continuing the above M1 | Or any other starting point that
converges to the positive root
to give root 0.47936 Al Cao
2

13
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7 () x*-25 A, B . C M1 | Splitting in correct way to give
(x-D(x+2)  (x-1) (x+2) partial fractions (may be seen
X? =25 = A(X=1)(x+2) + B(x+2) +C(x~1) anywhere)
3 processes of equating coefficients or substituting:
eg.x=1 =-24=3B=B=-8
Xx=-2=-21=-3C=C=7
coeff of X2 : A=1 E& IES: 'é
X" ~25 -8 Al |ForC
(x=D(x+2) x=1) ((x+2)
4
(i) Xx=1,x=-2 Bl
y = 1 Bl
2
(iii) y=1=(x-1)(x+2)=x*-25 M1
X*+Xx-2=x"-25=x=-23 Al
2
(iv)
* B1 4 bits as shown, roughly
symmetric about axes,
P P 1 1 approaching asymptotes
N Bl Lh side crosses asymptotes and | Ignore any graph of y = f(x)
upper section approaches from
above and lower section
approaches from below
2
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810 y=23inhx+SCoshx:d—y=2coshx+3sinhx M1 | Diffn and setting = 0 y:g(eX —e’x)+§(ex+e*"):E(Sex+e’x)
dx 2 2 2
=0 when 2cosh x =—3sinh x = tanh x = Al Correct value for sinhx, | = dy = E(Sex _ e—x)
2 coshx or tanhx dx 2 ) 1
; =3 _ =0when5e*=¢* = e”* === x=->1In5
x=tanh™| —= =—| L2 25 =——| 5 Al | some numerical 5 2
3 justification must be Correct exponential form, diffn, set=0
5 4 9 seen ag Al correct e
sinhx=—=,coshx=—==y=— =5 B1 Exact answer onl Al answer
N3 J§ "5 Y
SC Substitute given value of x into
derivative to get 0 is 1/3
4
i X _g¥ XX M1 | Find exponential form | Alt:
M 2sinhx +3coshx=5=2% "% 3% *e =5 P 1
) 2 2 = +/5cosh(x+a) =5 where « ==In5
5e* +e7* =10 AL c ¢ quadrati 2
orrect quadratic
5e?* —10e* +1=0 a = In 2+\/§ and In(2\E+5)
= X= -
o+ 10+100-20 _10+80 M1 | Solve their 3 term V5
10 10 quadratic
=In 1+& and In 1—i
5 Al | oeSingle Inonly Penalise only once
Al
5
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9 1 ()
Bl Enclosed loop in first quadrant
with origin as pole
Bl Looking symmetric with line of
symmetry around 8 = % N.B. This means that 8 = % §
not a tangent at the pole.
Take one off full marks for more
loops
2
(i) 1l o, oA 2 i 1
Area = E.[o r de_zjo sin” 390 M1 | Correct formula plus limits Must include 2
o L % o
:jo 3(1—00566’)d9={9——sin60} M1 For obtaining fn in form to
6 0 integrate using double angle
_r formulae
3 Al 1
Al Integral Ft lack of >
Answer www
4
Alternative: Starting from given equation:
Eliminating xandy M1
Getr M1

16
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(iii) sin36 = 3sin @ —4sin® @ M1 Obtaining sin36 as a function of
: ; y 2 _ 2 2 0
y=rsing=sing =" andr’=x"+y Al | A correct expression
3
r=Zsin?ﬂ=65in6?—85in39=ﬂ—SL3 M1 | Eliminate @
, . T M1 | Eliminate r
=Tr =6yr°- -8y
= (x2+y?) =6(x2+y?)y—8y® =6x%y -2y
(x*+y*) =6(x+y*)y—8y y-2y AL |
5
Alternative: Starting from given equation:
Eliminating x and y M1
Getr M1
r=6sin@—8sin’@ Al
Obtain triple angle formula M1
Ans Al
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